Abstract. We define primitive stable representations of free groups into higher rank semisimple Lie groups and study their properties. Then we show that the positive representations of a compact surface with one boundary component are primitive stable.
The definition of primitive stable representation seems to be natural from the viewpoint of Anosov representations. From the definition, it is clear that any Anosov representation is primitive stable. The main point of the paper is to give the concrete examples of primitive stable representations which are not Anosov representations. Here is our main theorem. Theorem 1.2. Let Σ be a compact surface with one boundary component. Then a positive representation ρ : π 1 (Σ) → PGL n R is primitive stable.
The notion of positive representations of a surface group into a real split semisimple Lie group G with trivial center has been introduced by Fock and Goncharov in [1] . When G = PGL 3 R, the set of positive representations is the set of convex real projective structures of finite volume on a surface.
From [10] , we get Corollary 1.3. The relative Hitchin component, which consists of holonomy representations of finite Hilbert area convex projective structures on once punctured surface Σ, which is a component in the relative character variety χ P (π 1 (Σ), SL(3, R)), is contained in the set of primitive stable representations.
From Theorem 1.1, we have the following corollary immediately.
Corollary 1.4.
There is an open subset of X (F 2g , PGL n R), strictly larger than the set of Anosov representations, which is Out(F 2g )-invariant, and on which Out(F 2g ) acts properly discontinuously.
Preliminaries

Frenet curves.
A curve ξ : S 1 → P(R n ) is said to be hyperconvex if for any distinct points (x 1 , . . . , x n ) the sum
is direct. A hyperconvex curve ξ : S 1 → P(R n ) is said to be a Frenet curve, if ther exists a curve (ξ 1 , ξ 2 , . . . , ξ n−1 ) defined on S 1 , called the osculating flag curve, with values in the full flag variety such that for every x ∈ S 1 , ξ(x) = ξ 1 (x), and moreover • For every pairwise distinct points (x 1 , . . . , x k ) in S 1 and positive integers (n 1 , . . . , n k ) such that
then the sum
is direct.
• For every x in S 1 and positive integers (n 1 , . . . , n k ) such that
Labourie [5] showed that every Hitchin representation admits a equivariant hyperconvex Frenet curve.
Positive representations.
The notion of positive representation has been introduced by Fock and Goncharov [1] . Let G be a real split semisimple Lie group with trivial center, B a Borel subgroup, U = [B, B] maximal unipotent group, and F = G/B flag variety. Lusztig [9] introduced the notion of totally positive elements. A real matrix is totally positive if all its minors are positive. Let B ± be opposite Borel subgroups and U ± corresponding unipotent groups. Denote the set of totally positive elements of U + by U + (R >0 ). A configuration of flags (B 1 , . . . , B k ) is positive if it can be written as
where
is positive if there exists a smooth convex curve ξ such that the flag F i is an osculating flag at a point x i ∈ ξ and the order of the points x 1 , · · · , x k is compatible with an orientation of ξ. Let Σ be a compact oriented surface with χ(Σ) < 0 and (possibly) boundary. A finite volume hyperbolic metric on Σ is admissible if the completion of Σ is a surface with totally geodesic boundary components and cusps. The boundary at infinity ∂ ∞ π 1 (Σ) p of Σ with p cusps is the boundary at infinity of the universal cover Σ of Σ equipped with some admissible metric on Σ. Then the set ∂ ∞ π 1 (Σ) p has a cyclic ordering on points depending on the orientation of Σ. For the representation ρ of an admissible hyperbolic metric on Σ, the set ∂ ∞ π 1 (Σ) p is identified with the limit set of ρ(π 1 (Σ)). For more detail, see [7, Section 2] .
A continuous map ξ :
We list the properties of positive representations ρ :
(1) ρ is discrete and faithful.
(2) ρ(γ) is positive hyperbolic for any non-peripheral loop γ, i.e., conjugate to an element of G(R >0 ).
Property (2) implies that ρ(γ) has attracting and repelling fixed points in F.
2.3.
Free group, primitive element and Whitehead Lemma. Given a generating set Y = {x 1 , . . . , x n } of a non-abelian free group F n , the Cayley graph C Fn is a 1-dimensional tree whose vertices are words in Y , and two words v and w are connected by a length one edge iff v = wx i for some x i in Y . Group F n acts on the Cayley graph on the left, i.e. for f ∈ F n , (f, w) → f w.
This action is an isometry since for any
A cyclically reduced word w defines a unique invariant line w through the origin e in the Cayley graph. An element of F n is called primitive if it is a member of a free generating set. Each conjugacy class [w] in F n determines w, the periodic word determined by concatenating infinitely many copies of a cyclically reduced representative of w. Each w lifts to an F n -invariant set of bi-infinite geodesics in C Fn . Indeed, this invariant set is the orbit of w under the action of F n .
Let P denote the set consisting ofw for conjugacy classes [w] of primitive elements of F n and P the set of all bi-infinite geodesics q : Z → F n in C Fn lifted fromw for all primitive elements w in F n . Let B be the set of all biinfinite geodesics. Then P is the smallest closed Out(F n )-invariant subset of B. It is known that P is a strict subset of B.
For a word g ∈ F n , the Whitehead graph W h(g, Y ) is the graph with 2n vertices labeled
n , and and edge from x to y −1 for each string xy that appears in g or in a cyclic permutation of g. Whitehead proved that for a cyclically reduced word g, if W h(g, Y ) is connected and has no cutpoint, then g is not primitive. One says that a reduced word g is primitive-blocking if it does not appear as a subword of any cyclically reduced primitive word and blocking if some power g n is primitive-blocking. An immediate corollary of the Whitehead lemma is that for once-punctured surface Σ, the cusp curve c is blocking, indeed c 2 cannot appear as a subword of any primitive element, since W h(c 2 , Y ) is a cycle.
2.4.
Morse quasigeodesic. Let G be a semisimple Lie group and X the associated symmetric space of noncompact type. Let ∂ ∞ X denote the visual boundary of X. Let W be the Weyl group acting on a model maximal flat F mod ∼ = R r of X and on the model apartment a mod = ∂ ∞ F mod ∼ = S r−1 . The pair (a mod , W ) is the spherical Coxeter complex associated with X. Then the spherical model Weyl chamber is defined as the quotient σ mod = a mod /W . The natural projection θ : ∂ ∞ X → σ mod restricts to an isometry on every chamber σ ⊂ ∂ ∞ X. For a chamber σ ∈ ∂ ∞ X and a point x ∈ X, the Weyl sector V (x, σ) is defined as the union of rays emanating from x and asymptotic to σ. The euclidean model Weyl chamber ∆ is defined as the cone over σ mod with tip at the origin.
For two points x, y ∈ X, the ∆-valued distance d ∆ (x, y) is defined as follows : Choose a maximal flat F containing x and y. Then F is isometrically identified with F mod while preserving the types of points at infinity. The resulting distance d ∆ (x, y) does not depend on the choices of F . For more detail on d ∆ , see [3] .
A sequence g n → ∞ in G is σ mod -regular if for some (hence any)
Let ∂ T its X be the Tits boundary of X. For a simplex τ ⊂ ∂ T its X, st(τ ) is the smallest subcomplex of ∂ T its X containing all chambers σ such that τ ⊂ σ. The open star ost(τ ) is the union of all open simplices whose closure intersects int(τ ) nontrivially. For the model simplex τ mod , ost(τ mod ) denotes its open star in σ mod . A point ξ ∈ ∂ T its X such that θ(ξ) ∈ ost(τ mod ) is called τ mod -regular where θ :
A geodesic segment xy is called Θ-regular (resp. τ mod -regular ) if it is contained in a geodesic ray xξ with ξ Θ-regular (resp. τ mod -regular). A Θ-star of a simplex τ of type τ mod is st
which is a union of geodesic rays from x and asymptotic to st Θ (τ ), is convex in X. A Θ-diamond of a Θ-regular segment xy is
where τ + is a unique simplex τ of type τ mod such that the geodesic ray xξ containing xy lands on st(τ ) and τ − is similarly defined.
A continuous map p :
where Θ is ι-invariant τ mod -convex compact set and ι(τ mod ) = τ mod . Here ι is −w 0 and w 0 is the longest element of the Weyl group. Definition 2.1. A representation ρ : F n → G is primitive stable if there are constants L, A, D, a compact set Θ ⊂ ost(τ mod ) for some face τ mod of the model Weyl chamber σ mod and a basepoint x ∈ X such that the orbit map τ ρ,x takes all leaves of P to (L, A, Θ, D)-Morse quasigeodesic.
Proof of Theorem 1.1
In this section we prove Theorem 1.1. In fact, Theorem 1.1 easily follows from the works of Kapovich-Leeb-Porti and Minsky. For reader's convenience, we recall their works and then sketch a proof.
3.1. Openness. The openness of primitive stable representations follows from the property that a local Morse quasigeodesic is a global quasigeodesic. An (L, A, Θ, D, S)-local Morse quasigeodesic in X is a map p : I → X such that for all t ∈ I, the subpath p|
Let ρ : F n → G be a primitive stable representation. Fix a word metric on Cayley graph of a group F n and consider the orbit map for a fixed base point x 0 ∈ X. Then there exist constants (L, A, Θ, D) such that any bi-infinite geodesic defined by a primitive element is mapped to an (L, A, Θ, D)-Morse quasigeodesic satisfying strict inequalities. Then for any S > 0, every primitive bi-infinite geodesic is mapped by the orbit map to a (L, A, Θ, D, S)-local Morse quasigeodesic. It is not difficult to see that this still holds for all representations sufficiently close to ρ. Furthermore noting that local Morse quasigeodesics are global Morse quasigeodesic, it follows that all representations sufficiently close to ρ map a primitive bi-infinite geodesic to a (L ′ , A ′ , Θ ′ , D ′ )-Morse quasigeodesics under the orbit map i.e. they are primitive stable. We refer the reader to [4, Section 7] for more detailed proof about this.
3.2.
Properness of the action of Out(F n ). This follows from the similar argument of Minsky [11] . Just for completeness we give an outline. By the definition of primitive stability of ρ, there exists r = r(ρ) > 0 such that
where t ρ (w) is a translation length of ρ(w), w ∈ F n in X, and
is the infimum of the word lengths among its conjugates with respect to a fixed generators. By triangle inequality,
for R depending on ρ. Hence once a compact set C in the set of primitive stable representatins is given, there exist uniform r and R on C.
But it is shown that such [Φ] is a finite set [11] .
Positive representations
This section is devoted to proving that positive representations are primitive stable. Let B n be a bouquet of n oriented circles. It is well known that the fundamental group of B n is a free group F n with one generator for each oriented circle and the universal covering tree B n is identified with Cayley graph of F n with respect to the chosen generators. From now on we regard B n as the Cayley graph of F n and denote by | · | the word-metric on B n .
Let Σ be a compact surface with one boundary component and genus g. Choose a hyperbolic structure with geodesic boundary on Σ. Then its universal cover Σ is the hyperbolic plane with countable geodesic half discs removed. The boundaries of the geodesic half discs are the preimages of one boundary geodesic. It is well known that ∂ ∞ F 2g is identified with the intersection of the boundary of the hyperbolic plane with the closure of Σ.
Let ρ : π 1 (Σ) = F 2g → PGL n R be a positive representation. Let F(R n ) denote the full flag variety of R n . Then ρ admits a ρ-equivariant positive map ξ : G ∞ (Σ) → F(R n ) where G ∞ (Σ) is the set of endpoints of the preimages of non-boundary closed geodesics in Σ. Indeed, ξ extends uniquely to a continuous map ξ : ∂ ∞ F 2g → F(R n ). Moreover the restriction of ξ to ∂ ∞ F 2g \ B ∞ (Σ) is positive and hence a one-to one map where B ∞ (Σ) is the set of endpoints of the preimages of one boundary geodesic (See [1, Section 7] ). Note that the restriction map of ξ to B ∞ (Σ) is either a one-to-one map or a two-to-one map. If ξ : ∂ ∞ F 2g → F(R n ) is a one-to-one positive map, then ρ is an Anosov representation. In any case, in the notation of Section 2.2, ξ : ∂ ∞ π 1 (Σ) 1 → F(R n ) is a positive map.
Let P denote the set consisting ofw for conjugacy classes [w] of primitive elements of F 2g . Let P be the set of all bi-infinite geodesics q : Z → F 2g in B 2g lifted fromw for all primitive elements w in F 2g . Let P e be the subset of P consisting of bi-infinite geodesics q : Z → F 2g in B 2g with q(0) = e. Given a basepoint x ∈ X, there is a unique map τ ρ,x : B 2g → X mapping the orgin of B 2g to x, ρ-equivariant, and each edge to a geodesic segment. Lemma 4.1. A bi-infinite geodesic q in P with ideal endpoints q ± ∈ ∂ ∞ F 2g is mapped by the orbit map τ ρ,x into a tubular neighborhood of uniform radius D = D(ρ, x) of the maximal flat F(ξ(q − ), ξ(q + )) where F(ξ(q − ), ξ(q + )) is a unique maximal flat connecting ξ(q − ) and ξ(q + ).
Proof. We claim that there exists a uniform constant D = D(ρ, x) such that
for all q ∈ P e . Once this claim is proved, we will be done. To see why, for a bi-infinite geodesic q : Z → F 2g in P with ideal endpoints q ± ∈ ∂ ∞ F 2g , consider the k-shifting of the parametrization of q, denoted by
is an element of P e , we have
for every k ∈ Z. This implies the lemma. Now it remains to prove the claim. Suppose that the claim dose not hold. Then there exists a sequence (q n : Z → F 2g ) of bi-infinite geodesics of P e such that
Due to the compactness of ∂ ∞ F 2g , we can assume that q ± n → q ± ∞ as n → ∞. Then we claim that q ± ∞ are distinct and moreover q ± ∞ / ∈ B ∞ (Σ). Since (q n ) is a family of geodesics with q n (0) = e, one can apply Arzela-Ascoli theorem to (q n ). Then by passing to a subsequence, we may assume that q n converges to a bi-infinite geodesic q ∞ in B 2g with q ∞ (0) = e. Furthermore q ± ∞ should the endpoints of q ∞ . This implies that they are distinct.
If one of q ± ∞ is in B ∞ (Σ), then this means that a sequence of primitive elements corresponding to q n winds more and more around the one boundary component of Σ. Minsky [11] showed that this never happen due to the blocking property of the one boundary component. For this reason, it follows that q ± ∞ / ∈ B ∞ (Σ). As mentioned before, the ρ-equivariant continuous map ξ : ∂ ∞ F 2g → F(R n ) is a one-to-one map on the complement of B ∞ (Σ). Since q ± ∞ are distinct and q ± ∞ / ∈ B ∞ (Σ), the sequence of maximal flats F(ξ(q − n ), ξ(q + n ))) converges to a maximal flat F(ξ(q − ∞ ), ξ(q + ∞ ))) and thus
This contradicts the assumption that d X (x, F(ξ(q − n ), ξ(q + n ))) → ∞ as n → ∞. Therefore the lemma holds.
Choose 2g simple closed curves a 1 , b 1 , . . . , a g , b g in Σ so that 2g cuts along them give rise to a 4g-gon with one hole. For a closed curve η on Σ, define I(η) by
where i(·, ·) denotes the geometric intersection number on a surface.
Lemma 4.2. For every C > 0, there exists a uniform constant R 1 = R 1 (C, Σ) such that any subword η of any cyclically reduced primitive word with |η| ≥ R 1 is a non-boundary closed curve with I(η) ≥ C.
Proof. Let η be a subword of a cyclically reduced primitive word. Since the square of the boundary component represented by c = [
primitive-blocking, it is easy to see that if |η| > |c 2 |, then η represents a non-boundary closed curve. Choose a hyperbolic structure with geodesic boundary on Σ. Then F 2g is identified with a Schottky group. Under this identification, it is not difficult to see that there exist constants A ≥ 1 and B ≥ 0 such that
for all η ∈ F 2g where l(η) is the translation length of η with respect to the chosen hyperbolic structure with geodesic boundary on Σ.
If the lemma does not hold, then there exist a constant C 0 > 0 and a sequence (η n ) of subwords of cyclically reduced primitive words of F 2g such that I(η n ) ≤ C 0 and l(η n ) → ∞ as n → ∞. The only way for the sequence (η n ) to be like that is that the sequence of closed geodesics representing η n winds more and more around the one boundary component of Σ. This contradicts the fact that the square of the one boundary component of Σ is primitive-blocking. Therefore the lemma is true.
Let η be a non-contractible, non-boundary closed curve in Σ. Then ρ(η) is diagonalizable over R with eigenvalues that have pairwise distinct norms. Given a positive representation ρ : F 2g → PGL n R and a non-boundary closed curve in Σ, the length of η is defined to be
where λ n and λ 1 are the eigenvalues of ρ(η) of largest and smallest norm respectively. Lee and Zhang [8] recently prove a collar Lemma for Hitchin representations. Following their proof, it is not difficult to see that their all arguments also work for positive representations and two non-contractible, nonboundary closed curves in Σ. Briefly speaking, this is because [8, Lemma 2.2] works for two non-contractible, non-boundary closed curves in Σ and a positive representation admits an equivariant Frenet curve ∂ ∞ F 2g → F(R n ) (See [6, Section 10] ). Lemma 4.3. For every C > 0, there exists a constant R 2 = R 2 (ρ, C) such that for any subword η of a cyclically reduced primitive word with |η| ≥ R 2 ,
Proof. Let γ be one of a 1 , b 1 , . . . , a g , b g . Applying [8, Corollary 1.2] to γ and η with i(γ, η) = 0, we have
Let L ρ be the maximum value of the lengths of ρ(a 1 ), ρ(b 1 ), . . . , ρ(a g ), ρ(b g ). Then we have
This inequality with Lemma 4.2 implies the lemma.
Proposition 4.4. Any sequence γ n with |γ n | → ∞ where γ n is a subword of some cyclically reduced primitive element, is σ mod -regular.
Proof. Notice that it suffices to prove that for every C > 0 there exists a uniform constant
for any subword η of a cyclically reduced primitive element with |η| ≥ R 3 . To see this, we will apply the collar lemma for positive representations to our situation.
By Lemma 4.2, for every C > 0 there exists a uniform constant R 1 such that I(η) ≥ C for any subword η of a primitive word with |η| ≥ R 1 . Hence the intersection number of η and one of a 1 , b 1 , . . . , a g , b g must be greater than or equal to C. Given any subword η of a primitive element with |η| ≥ R 1 , let γ be such element of a 1 , b 1 , . . . , a g , b g with i(γ, η) ≥ C. By choosing a sufficiently large R 1 > |c 2 |, we may assume that η is a non-contractible, nonboundary closed curve in Σ. Let 0 < α 1 < · · · < α n and 0 < β 1 < · · · < β n be the eigenvalues of ρ(γ) and ρ(η). By the proof of [8, Theorem 1.1], the following inequality holds.
for any k = 0, . . . , n − 2. Here u and v are defined as follows. Choose orientations γ and η. Then
whereî(γ, η) denotes the algebraic intersection number between γ and η. Let L ρ be the maximum value of the lengths of ρ(a 1 ), ρ(b 1 ), . . . , ρ(a g ), ρ(b g ). Then by
we have
and thus
Note that the right-hand side of (3) depends only on C and furthermore its value goes to infinity as C goes to infinity. Thus for every C > 0 there exists a uniform constant R 3 = R 3 (ρ, C) such that log β k+2 − log β k+1 ≥ C for all k = 0, . . . , n − 2 and any subword η of a primitive element with |η| ≥ R 3 . This implies that d(d ∆ (x, ρ(η)x), ∂∆) ≥ C for any subword η of a primitive element with |η| ≥ R 3 , which completes the proof. Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Assume that Σ has genus g. It suffices to show that every bi-infinite geodesic q : Z → F 2g in P is mapped by the orbit map τ ρ,x to an (L, A, Θ, D)-Morse quasigeodesic with a uniform compact subset Θ ⊂ int(σ mod ) depending only on ρ and x. The discreteness of ρ makes it possible that the distance between orbit points can be bounded below in terms of the word length on the Cayley graph of F 2g . Hence for any C > 0, there exists a constant R 4 = R 4 (ρ, x) > 0 such that d X (ρ(γ)x, ρ(η)x) ≥ C for all γ, η ∈ F 2g with |γ −1 η| ≥ R 4 .
Hence we have d X (q(m)x, q(m + n)x) ≥ C for n ≥ R 4 and any m ∈ Z. Consider the nearest point projectionq of qx to F(ξ(q + ), ξ(q − )). By Lemma 4.1, the orbit qx of a bi-infinite geodesic q is contained in a tubular neighborhood of uniform radius D(ρ, x) of F(ξ(q + ), ξ(q − )). Since there are only finitely many elements with word-length n 0 , there exists a compact Weyl convex subset Θ ⊂ int(σ mod ) depending on ρ and x such that the segmentq(n)q(n + n 0 ) are Θ-regular for all q ∈ P and n ∈ N. The additivity of ∆-distance implies that the coarsened geodesic q| n 0 Z are (n 0 , Θ)-regular. Enlarging Θ slightly and choosing s sufficiently large, one can conclude that q is a (s, Θ)-regular uniform quasigeodesic i.e., (L, A, Θ, D)-Morse quasigeodesic for some uniform constants L, A and D independent of q. This completes the proof.
